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We theoretically design and analytically study a controllable beam splitter for the spin wave 
propagating in a star-shaped (e.g., a Y-shaped beam) spin network. Such a solid state beam 
splitter can display quantum interference and quantum entanglement by the well-aimed controls 
of interaction on nodes. It will enable an elementary interferometric device for scalable quantum 
information processing based on the solid system. 
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I. INTRODUCTION 

Beam splitters are the elementary optical devices fre- 
quently used in classical and quantum optics which 
can even work well in the level of single photon quanta 
13 and are applied to generate quantum entanglement 
[3j- For matter waves, an early beam splitter can be re- 
ferred to the experiments of neutron interference based 
on a perfect crystal interferometer with wavefront and 
amplitude division Q; and now an atomic beam splitter 
has been experimentally implemented on the atom chip 
. The theoretical protocols have been suggested to re- 
alize the beam splitter for the Bose-Einstein condensate 
□ 

In this paper, we propose and study the implementa- 
tion of beam splitter for the spin wave propagations in the 
star-shaped spin networks (SSSNs) with m + 1 weighted 
legs (see the Fig. la), where each leg is a one-dimensional 
(1-D) spin chain with XY couplings. This investigation 
is mostly motivated by our recent researches on the per- 
fect transfer of quantum states along a single quantum 
spin chain Q and for a 1-D Bloch electron system 0, || . 
The similar quantum networks have been considered for 
a coupled many harmonic oscillator system [T(il | and for 
quantum cloning via spin networks |ll| . 

A basic SSSN is a Y-shaped network or called Y-beam 
for m = 2, which can be regarded as an elementary 
block, in principle, to the architecture of complicated net- 
works (such as a solid state interferometer) for quantum 
information processing. It can function to transfer quan- 
tum state coherently in multi-channel and to generate en- 
tanglement between two spins which are a long distance 
apart. Furthermore, we will show that the quantum co- 
herence of spin waves propagating in two legs can be well 
controlled by adjusting the coupling strengths only at the 
node; and then a controllable solid state interferometer 
is built based on this crucial function. 

The basic element of an arbitrary spin network is the 
coupling between spins, which is usually described by the 
XY Hamiltonianin 

H XY = J^ S tSj+H.c), (1) 
where Sf 1 are the Pauli spin operators acting on the in- 




FIG. 1: (Color on line) (a) The star-shaped spin network 
with an input spin chain A and m output spin chain, (b) Y- 
shaped network or called Y-beam, a special star-shaped spin 
network, serves as the fundamental block for the architecture 
of complicated quantum spin networks 

ternal space of electron on the ith site. One can apply 
magnetic field B z beforehand and then switch off it, to 
prepare a polarized initial states with all spins down for 
the quantum network. The dynamics of the lower exci- 
tations (magnons) from this polarized state is attractive 
because of their relevance to quantum information appli- 
cations. In the low-temperature and low magnon den- 
sity limit, the magnon can be regarded as boson by the 
Holstein-Primakoff transformation ~ &j. Then one 
can translates a XY spin network into the bosonic sys- 
tem with the Hamiltonian b\ jb a j + i+h.c, approximately. 
Note that such map is exact for the case of single magnon. 



II. STAR-SHAPED BEAM SPLITTER AND ITS 
REDUCTION 

We consider a spin network of a star shape (we call 
the SSSN ) as shown in Fig. la. Under the Holstein- 
Primakoff transformation the Hamiltonian of leg I con- 
sisting of Ni spins with XY interactions can be written 
as 

JV,-1 

H t = Hi{Ji,Ni) = JiJ2 ( b h b W + H - c ^ ( 2 ) 
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where bj j, bij are the boson operators on the jth site of 
the Ith leg. Here we have assumed that the couplings Ji 
are the same for a given bosonic chain I. We uniquely de- 
note the Hamiltonian by Hi(Ji, TV;) for the bosonic chain 
hereafter. The SSSN is constructed by linking the to out- 
put bosonic chains to the one end (or the node) O of the 
input leg A by the couplings J n i ■ The Hamiltonian of an 
SSSN is of the form as the same as Eq. (2) except for 
the part around the node O. 

We will show that, due to the quantum interference 
mechanism, by some constrain for the coupling constants 
J; and </„;, an SSSN can be reduced into an imaginary 
linear bosonic chain with homogeneous coupling plus a 
smaller complicated network if only the single-magnon 
case is concerned. The fact that the input chain A is a 
part of this virtual linear chain implies that the bosonic 
wave packet can perfectly propagate in this virtual lin- 
ear chain without the reflection by the node. This indi- 
cates that there is a coherent split of the input bosonic 
wave packet because the magnon excitation in this virtual 
chain actually is just a superposition of magnon excita- 
tions in the m bosonic chains. 

To sketch the central idea, we first consider a spe- 
cial SSSN, which consists of m identical "output" chains 
Bi,i?2,--- , B m with homogeneous coupling Ji = J, 
Jni = J n and the same length TV, while the length of 
chain A is M. The Hamiltonian 

m 

H = Y J H B P (J:N) + H A (J,M) + H nod (3) 
P =i 

can be explicitly written in terms of the leg Hamiltonians 
H Bp (J,N) and H A (J,M) defined by Eq. (1) and the 
interactions around the node O 

m 

H nod = -Jn(b\ M H,l + H - C -)- ( 4 ) 
p=l 

Now we construct the virtual bosonic chain a of length 
M + N with the boson operators b\ ■ — b A . (j = 
1, 2, • • • , M) in the real chain A and the collective op- 
erator 

<M +J = ^E & k, ( 5 ) 

for the virtual part, where j — 1,2, • • • ,7V. There ex- 
ist to — 1 complementary linear bosonic chains with the 
collective operators 

m 

b l q ,j = (V\/™) E^pH 27 ^/™) 6 ^ (6) 
p=l 

where p = 1, 2, • • • , m, q = 1, 2, • • • , m — 1. It can be 
checked that, together with •, the above defined collec- 
tive operators b\ M+ - and b\ j, (q = 1, 2, • • • , m— 1) and 
their conjugates also satisfy the commutative relations of 
boson operators. 



Using operators b' a M+J and b\ j , we divide the total 
Hamiltonian into two commutative parts 

m— 1 

9=1 

and 

H a = H a (J,M + N) + H vn , (8) 

where 

H vn = ( J - \fmJ n )b\ M b a ,M+\ + H.c. (9) 

The first Hamiltonian Hb describes m — 1 independent 
virtual bosonic chains without input from Ha while the 
second one describes a linear bosonic chain with an im- 
purity at the Mth site. In usual it can reflect the bosonic 
wave packet from the input leg. 

Only when the coupling matching conation J n = 
J I \fm is satisfied, the virtual bosonic chain described by 
H a is just a standard bosonic chain since H vn — 0. In this 
case no reflection occurs at the node. With this matched 
node coupling, an ideal beam splitter can be realized with 
to coherent outputs since each operator b\ M+rj is a lin- 
ear combination of b^ B j . Then it can create a superposi- 
tion from the vacuum state with bosons excitation. Each 
component of this superposition represents a magnon or 
boson excitation in a leg. The detailed analysis will be 
done with the special SSSN of m — 2 in the next section. 



III. Y-SHAPED BEAM SPLITTER 
DECOUPLING 

Actually, we need not require the two output legs to be 
identical. To be convenient, we consider the asymmetric 
Y-beam consisting of three legs A, B and C with three 
hopping integrals Jf for F = A, B,C and the node inter- 
actions J n F for F = B, C. The total Hamiltonian reads 

H= Hf ~ E (Jn F b AM b FA + H.c.) (10) 

F=A,B,C F=B,C 

where H F = H F (J F ,N F ) and N A = M, N B = N c = N. 

In order to decouple this l^-beam as two virtual linear 
bosonic chains, we need to optimize the asymmetric cou- 
plings so that the perfect transmission can occur in the 
decoupled linear bosonic chains. To this end we introduce 
two sets of operators by 

b l,M+j = COs6b B.j + sin6lfo cj; 

bl d =sin0&t JJ -cos0&k J , (11) 

for j = 1, 2, • • • , N. A straight forward calculation shows 
that the two sets of operator act as boson operators and 
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FIG. 2: (Color on line) (a) The contour map of the reflec- 
tion factor R{JnC , JnB) as a function of J n c,JnB for the 
GWP with a — 0.3 and momentum n/2 in a finite system 
with Na —Nb —Nc = 50. It shows that around the match- 
ing condition, i.e, the circle J% c + J^b = J\> ^ e reflection 
factor approaches zero, (b) The profile ofR(J„c,JnB) along 

JnC = JnB- 

commutative. Here, the mixing angle 9 is to be deter- 
mined as follows by the optimization for quantum in- 
formation transmission. In comparison with the optical 
beam splitter, the above equation can be regarded as a 
fundamental issue for the boson beam splitter. 

Together with the original boson operator b' a ^ — b A ■ 

for the input leg, the set with b\ M+ j defines a new linear 
chain a with the effective couplings J a j = J a (J £ [1, M— 
1]), JaM = J n BCOs9 +J nC sm9 and J a ,M+j = Jbcos 2 6 
+Jc sin 2 9, for j e [1, N — 1]. Another virtual linear 
chain b is defined by b\ . with homogeneous couplings 

J bj = J B sin 2 9 +J C cos 2 9 for j € [1, N - 1]. 

In general, these two linear chains do not decouple 
with each other since there exists a connection interac- 
tion around the node 

H con = gibljba.M+j+i + bl M+j b bj+1 + H.c) 

- JAB(bl M b bA +H.c.) (12) 

where g = (Jb — Jc) sin 20/2 and Jab = JnB sin 9 
— J n c cos 9. Fortunately, the two bosonic chains decou- 
ple with each other when we optimize the mixing an- 
gle 9 and the inter-chain coupling by setting them as 
tan6» = JnC /JnB, Jb = Jc and then J aM = JnB I cos 9. 
Thus when we set J n B — J a cos 9, the coupling matching 
condition 

Ja = ^JI c + JIb = Jb = Jc (13) 

holds. Especially, the virtual bosonic chain a becomes 
homogenous when condition (|13f) is satisfied. Then it can 
be employed to transfer the quantum state without re- 
flection on the node in the transformed picture. By trans- 
forming back to the original picture, the quantum state 
transfer is shown to be a perfect beam splitting. Similar 
to the point of view of linear optics, such beam splitting 
process can generate entanglement. We will show that 
the values of J n B and J n c can determine the amplitudes 
of the bosonic wave packet on legs B and C. 



FIG. 3: (Color on line) (a) The contour map of maximal con- 
currence of two GWPs at two legs A and B, C ma x(JnC, JnB) 
for the same setup as that in Fig. 2. It is found that 
two GWPs yield the maximal entanglement at the point 
JnC =JnB =Ja/\/2. (b) The profile o/C ma x(JnO, Jub) along 

JnC = JnB- 

Now we apply the beam splitter to a special spin wave 
packet, a Gaussian wave packet (GWP) with momentum 
7r/2, which has the form 

|V>A f (JV )) = iE e "^"* feifi \i) ( 14 ) 

* 1 i 

at t = 0, where f^i is the normalization factor and A^o 
is the initial central position of the GWP at the input 
chain A. The single excitation basis vector \j) — S\ ^\d) 
is defined by the polarized state \d) with all spins aligned 
down. As mentioned in the introduction, the conclusion 
we obtained for bosonic system is exact for the singlc- 
magnon case. It is known from the previous work that 
such GWP can approximately propagate along a homoge- 
nous chain without spreading. Then at a certain time t, 
such GWP evolves into 

|*(t)) =cos0|^ Bf (A t ))+sin0|V>cf(A 4 )) (15) 

where N t = N + 2t J a — M, i.e., the beam splitter can 
split the GWP into two cloned GWPs completely. 

In order to verify the above analysis, a numerical sim- 
ulation is performed for a GWP with a = 0.3 in a finite 
system with Na = N B =N C = 50. Let |$(0)) be a nor- 
malized initial state. Then the reflection factor at time t 
can be defined as 

R(JncJnB,t) = J2 \U\e~ mt mO))\ 2 (16) 

to depict the reflection at the node where D' = [1,M — 
1]. At an appropriate instant to, R{J n c, Jub) = 
R{JnC, JnB t to) as a function of J n c an d J n B is plotted in 
Fig. 2. It shows that around the coupling matching con- 
dition (|13|) . the reflection factor vanishes, which is just 
in agreement with our analytical result. 

IV. DYNAMIC OF BEAM SPLITTER AS 
ENTANGLER 

Now we consider how the SSSN can behave as an en- 
tangler to produce spin entanglement with the y-beam 
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as an illustration. Let the input state 1 0(0)) to be a single 
magnon excitation state in the leg A (e.g., = S^j\d) or 

jV'Af {No)) introduced by E.q. lfH|> ). It can propagate 
into the legs B and C through the node with some reflec- 
tion. On the other hand, the spin wave can be regarded 
as being transferred along the virtual legs a and b. Once 
we manipulate the coupling constants to satisfy the cou- 
pling matching condition, the spin wave can only enter 
the leg a rather than b without any reflection. Then the 
final state is of the magnon excitation only in the leg a. 
As an illustration the single-magnon excitation can be 



N A + N 
matchin 



coupling 
il GWP 



described by the state \4>{t)) = S t 
{dA\4>{t)) — cosOIujb) (g> \d 



a,M+j\ 



sine 



K-c> (17) 



where \ujp) — Sj,-\dp) (F = B,C) represents one- 
magnon excitation from the polarized state |dp) of the 
chain F with all spin down. This is just an entangled 
state and then the F-beam acts as an entangler similar 
to that in quantum optical systems. 

To quantitatively characterize entanglement of two 
separated waves \ipB,c^(Nt)) obtained by the beam 
splitter, the total concurrence with respect to the two 
wave packets located at the ends of legs B and C can be 
calculated as 



ieD 



(18) 



according to refs.0, Here the domain D = [N 

—W,N] and W = 4Vm 2/ a is the width of the wave 
packet. On the other hand, the concurrence is also the 
function of J n c and J n B- Numerical simulation is per- 
formed for a GWP with a — 0.3 and momentum 7r/2 in a 
finite system with N A = 50, N B = 50, and N c = 50. The 
maximal concurrence C max (J n c, Jub) — max{C(t)} as a 
function of J n c and J n s is plotted in Fig. 3. It shows 
that two split wave packets yield the maximal entangle- 
ment just at the coupling matching point J n c = JnB 
= Ja/V2. 



V. QUANTUM INTERFEROMETER FOR SPIN 
WAVE 

Finally, we consider in details a more complicated 
SSSN than the Y"-beam, the quantum interferometer for 
spin wave, which consists of two F-beams (see Fig. 4a). 
Similar to the optical interferometer, where the polar- 
ization of photon is utilized to encode information, the 
SSSN uses the spin down and up to encode the quantum 
information. 

We still use the evolution of GWP to demonstrate the 
physical mechanism of such setup. Firstly, we consider 
the simplest case with the path difference (defined in Fig. 
4a) A = 0. It is easy to show that such network is 
equivalent to two independent virtual chains with lengths 



N A ,J A J\ Nb,Jj 

• • • • — 



N D ,J A 




FIG. 4: (Color on line) (a) The interferometric network with 
an input chain A and output chain D, which consists of two 
Y -beams. A is the "optical path difference" which determines 
the interference pattern of output spin wave, (b) The in- 
terference pattern of output wave in the leg D (ro — 50, 
to = 100/ J a) for the GWP with a = 0.3 in the interfero- 
metric network with Na ~ Nb = Nd = 50, Nc = Nb + A. 



will be transmitted into the leg D without any reflection. 
This fact can be understood according to the interference 
of two split GWPs. It means that the nonzero A should 
affect the shape of the pattern of output wave. 

Actually, from the above analysis about the GWP 
propagating in the Y"-beam, we note that the conclu- 
sion can be extended to the F-beam consisting of two 
different length legs Nb Nc- It is due to the locality 
of the GWP and the fact that the speed of the GWP 
only depends on the coupling constant. Thus the in- 
terference pattern at site ro and time to in leg D can be 
presented as J(r , t , A) = \(r \ exp(-iHt ) |$(0))| 2 . Nu- 
merical simulation of J (7*0, to, A) for the input GWP in 
the interferometric network with Na = Nb = No = 50, 
N c = N B + A is performed. For r = 50, t = 100/Ja, 
a perfect interference phenomenon by /(ro,to ; A) is ob- 
served for the range A S [—25, 25] in Fig. 4b. 

In summary, we point out that our coherent quantum 
network for spin wave can be implemented by an array of 
quantum dots or other artificial atoms. It will enable an 
elementary quantum device for scalable quantum compu- 
tation, which can coherently transfer quantum informa- 
tion among the qubits to be integrated. The observable 
effects for spin wave interference may be discovered in the 
dynamics of magnetic domain in some artificial quantum 
material. 
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